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Abstract. We give a proof of the isoperimetric inequality for quer- 
massintegrals of non-convex starshaped domains, using a result of Ger- 
hardt [6] and Urbas [13] on an expanding geometric curvature flow. 



The Alexandrov-Fenchel inequalities [1, 2] for the quermassintegrals of 
convex domains are fundamental in classical geometry. For a bounded do- 
mam n C M"+\ we denote M = dn the boundary of 0. We wih assume M 
smooth in this paper. Let 

be the principal curvatures of x € M, and let cTfc(A) the kth elementary func- 
tion in A = (Ai, • • • , An) € M" (with (To(A) = 1). There are several equivalent 
definitions of the quermassintegral V(^n+i)-k{^)- For positive integer k, we 
will take the following 



(1) y{n+l)-k{^) = Cn,k / Crk-l{K)dflM, 

Jm 

where where cj^ is the kth. elementary symmetric function, 



(2) Cn„ 



o-fc-i(/)' 



with / = (!,••• ,1). One may also recover Vn+i{^) by the Minkowski type 
formula, 



(3) V(^n+l)~k{^) = / Uak{K)dflM, 

Jm 

where u = {X, v), X is the position function of M, and is the outer-normal 
of M at X. Vn+i{^) is a multiple of the volume of by a dimensional 
constant, Vn{^) is a multiple of the surface area of M = dO, by another 
dimensional constant. If O is convex, the celebrated Alexandrov-Fenchel 
quermassintegral inequality states that, for < m < n, 

/-X / ^(n+l)--m(^) \ n+i-m ^ / Vn-m{^) \ 

^ ' \V^n+l)-miB)) - Wn-m(B)) ' 
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where B is the standard ball in M""*" . The equality holds if and only if is 
a ball. The case m = is the classical isoperimetric inequality. 

There have been some interests in extending the original Alexandrov- 
Fenchel inequality to non-convex domains (e.g., [12], [7]). In this short 
paper, we extend this inequality to starshaped domains in R"+^. These 
domains are special type of domains where fully nonlinear partial differential 
equations were studied in pioneer work by Caffarelli-Nirenberg-Spruck [4, 5]. 
We follow the notations in [12] as below. 

Definition 1. For C we say is k-convex if k{x) G fy^ for all 

X G M, where Fj. is the Carding 's cone 

Tfe = {A G I am{X) > 0, Vm < k}. 

We say is strictly k-convex if k{x) G for all x G M. 

n-convex is convex in usual sense, 1-convex is sometimes referred as mean 
convex. 

Theorem 2. Suppose Q, is a k-convex starshaped domain in then 
inequality (4) is true for < m < k. The equality holds if and only if Q is 
a ball. 

In [12], Trudinger considered inequality (4) for general the fc-convex do- 
mains. He proposed an elliptic method by reducing the problem to a Hessian 
type equation in the domain, but the reduction argument there is incom- 
plete. Our proof here is a parabolic one, using the flow studied by Gerhardt 
[6] and Urbas [13]. For our purpose, we will only use a special case of their 
result for the following evolution equation on a hypersurface Mq in M""*"^, 

(5) Xt = 

Theorem 3. (Gerhardt [6], Urbas [13]) // Oq is a starshaped strictly k- 
convex domain, then solution for flow (5) exists for all time t > and it 
converges to a round sphere after a proper resettling. 

We define 

1 

(6) ikin) = I . 

The key observation is that the isoperimetric ratio X^.(r2) of the quermass- 
integrals are monotone along expanding flow of (5). From what follows, we 
will denote M{t) the solution of flow (5) at time t. If there is no confusion, 
we will just write M(t) = M. To simplify notation, we will also write 
for (Tm('«) unless specified otherwise. To prepare our proof of Theorem 2, we 
first list the evolution equations of various geometric quantities under the 
following general evolution equation. 

(7) dtX = Fu, 
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where F = F{K,X,t). 

Proposition 4. Under flow (7), we have the following evolution equations. 

dt9ij = "IFhij 
dtu = -VF 

dtidjig) = Faidug 

\°) ft.h..— T7.V7.Z? I TPth'i 



dthij = -V.VjF + F{h% 
^■hi. = _ v'VjF - F(/i2)i. 



dtom = -Vj{[Tm-i]iViF) - Fam-i,i{hy^ ih''))) 

where we denote /i* = g^'^hkj, {h'^)ij ^ g'^^hikhij and (h'^Yj = g'^g'^^hskhij, 
[T;]*- is the l-th Newton transformation, and o'^—i ,i{A;B) = ^{A)Bij is 
a polarization of am ■ 

Proof. The proof follows from straightforward computations using the Co- 
dazzi property of the second fundamental form. The last identity follows 
from the divergent free property of [T^-i]*-. □ 

Lemma 5. Under flow (5), 

(9) aidfig = {l + l) [ ^^±^^dfig. 

Proof. From identities in Proposition 4, for 1 < i < n, we have 

dt I (Tidfjig = / dtaidfig + aidtidfig) 
Jm Jm 

(10) =-/ ^(ai.i,,ihy,ihyj)-aiai)dfig 

Jm \ J 

= (/ + !) / ^^ai+idug, 
Jm cTfe 

where we have used identity 

(11) <Ti_i,i(^; {h'')]) = am - (Z + l)ai+i. 

□ 



There exist literatures using flow to establish geometric inequalities (e.g. 
[3, 8, 9]). To compare two geometric quantities, one would like to design 
a normalized flow so that one of the quantities is invariant under the flow, 
and another is monotone along the flow. Suppose we consider flow (5), and 
throw a time dependent constant R{t) to normalize it as the following 

(12) Xt = {^{ti)-Rit))u. 

Suppose Qt is the domain with X{t) as position function. The normaliza- 
tion constant R{t) should be picked to make Vn~ki^t) = constant along 
(12), which can be calculated easily using previous lemma. But one runs 
in to trouble to establish a priori estimates for flow (12) under A;-convexity 
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assumption. By invoking the Minkowski identity, the right normahzed flow 
should be 

(13) Xt = i^iK)-r{t)u)u, 

where u is the support function of M{t), and 



(14) r{t) 



It is straightforward to show that r{t) is a normalization constant to make 
Vn-kiS^t) invariant under the flow, and Vn-k+i{^t) is nondecreasing! Plus, 
one may establish all the a priori estimates for the normalized flow (13). 
Inequality (4) can be proved along the way. 

On the other hand, it turns out that flow (13) is equivalent (up to an 
isomorphism) to 

(15) Xt = ^^{K)v-r{t)X, 

which in turn is a re-parametrization of the original flow (5). Therefore, we 
have the following simple proof using directly the result of Gerhardt and 
Urbas in Theorem 3. 



Proof of Theorem 2. It is easy to see that Xfe(J7) is invariant under 
rescaling. We only need to show that, 

(16) Ik{^) < lk{B), 

and the equality holds if and only if O is a ball. 
Case 1. Q is strictly k-convex. 

For solution X{-,t) in Theorem 3, consider X{-,t) = e~ ■l^o^('^^'^^X{-,t), 
where r{t) as in (14). We denote Qt to be the domain enclosed hy X{-,t). 

Since X{-,t) is converging to a sphere (after a proper rescaling), we only 
need to show Ik{'^t) is increasing. We will continue to denote Um = o'm('^)) 
where k is the principal curvature of X. 

Prom (9) in Lemma 5, with C„ k defined as in (2), we have 
(17) 

=(fc+l)C,,,+ie-("-^)/o'^W'^4/ ^cTk+id„, - rCnMi [ ^kd^. 

IJM <^k JM 

= 0, 
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and 
(18) 



dt '^1^ 



akdfjLg - rC, 



J 

J A 

>i-c„,».-("«-')/.''(.)^'/ 



'n,k / ' 

Jm 



Cn,k+l Jm '^kdfig ' _ 
0'k+l{I)'^k-l{I) Cfuk 



0, 



ak-idji 

<7fc-l 



n,fe+l 



where we have used the Newton-MacLaurin inequality in the last step of (18). 

If the equality holds in (16), we must have '^^'■""'"^j^"''^^'^ = 0. Therefore, the 
equality of the Newton-MacLaurin inequality must be held at every point of 
M in (18). This implies M is a round sphere for each f > 0. In particular, 

Mq is a sphere. 

Case 2. General k- convex star shaped domain Q. 

We may approximate it by strictly /c-convex starshaped domains. The 
inequality follows from the approximation. We now treat the equality case. 
We first note that both Jj^ cFkdpg and Jj^ a^^idpg are positive, since there 
exists at least one elliptic point on an embedded compact hypersurface in 
Euclidean space and also the A;-convexity condition. Suppose Q is a k- 
convex starshaped domain with equality in (16) attained. Let M-|- = {x G 
M\ak{K{x)) > 0}. M_|_ is open and nonempty since M is compact and 
embedded in M"+^. We claim that is closed. This would imply M = M_|_, 
so Q is strictly A;-convex, by Case 1, wc may conclude 17 is a standard ball. 

We now prove that M+ is closed. Pick any p G Cq(M_|_) compactly sup- 
ported in M_|_. Let Mg be the hypersurface determined by position function 
Xg = X + spu, where X is the support function of M and v is the unit 
outernormal of M at X. Let Qg be the domain enclosed by Mg. It is 
easy to show Mg is /c-convex starshaped when s is small enough. Therefore 
Iki^s) — ^k{^) < for s small, i.e. 



ds 



Ik{^ 



s)\s=0 



0. 



Simple calculation yields 

-J- [ cri(Ks)dpgJg=o = (1 + I) [ ai+i(K)pdpg. 

Therefore, we have 

d f 

-rIk{^s)\s=o = A {ak+i{K) - ciak{n))pdpg = 0, 
as Jm 

for some constant ^ > with ci = ^ 

for all p e C^(M+). 



X(B) 



n-fc + l 



> and 
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In turn 



(19) 



Vx G M 



By the Ncwton-MacLaurinc incquahty, there is a dimensional constant Cfc^< 



where C2 = {-^^)^ is a positive constant depending only on n, k, and J7. 



The question of validity of inequality (4) for general fc-convex domains 
is still open. When A; = 1, flow (5) is exactly the inverse mean curvature 
flow. There is a notion of weak solution studied by Huisken-Ilmanen for 
the Penrose inequality in [11]. Huisken [10] has proved the following with 
outward minimising assumption. 

Theorem 6. // O C R"'~^^ is outward minimising for n < 6, then inequality 
(4) is valid for m = 1. 

Acknowledgment: We would like to thank Bennett Chow and Guofang 
Wang for several enlightening discussions. We would also like to thank 
Gerhard Huisken for informing us his result in Theorem 6. 



[1] A.D. Alexandrov, Zur Theorie der gemischten Volumina von konvexen korpem, II. 

Neue Ungleichungen zwischen den gemischten Volumina und ihre Anwendungen ( in 

Russian) Mat. Sbornik N.S. 2 (1937), 1205-1238. 
[2] A.D. Alexandrov, Zur Theorie der gemischten Volumina von konvexen korpem, III. 

Die Erweiterung zweeier Lehrsatze Minkowskis uber die konvexen polyeder auf be- 

liebige konvexe Flachen ( in Russian) Mat. Sbornik N.S. 3, (1938), 27-46. 
[3] B. Andrews, Monotone quantities and unique limits for evolving convex hypersurfaces, 

Internat. Math. Res. Notices 1997 (1997), 1001-1031. 
[4] L. Caffarelli, L. Nirenberg and J. Spruck, The Dirichlet problem for nonlinear second 

order elliptic equations, III: Functions of the eigenvalues of the Hessian Acta Math. 

155, (1985),261 - 301. 

[5] L. CafFarelli, L. Nirenberg and J. Spruck, Nonlinear second order elliptic equations IV: 
Starshaped compact Weigarten hypersurfaces, Current topics in partial differential 
equations, Y.Ohya, K.Kasahara and N.Shimakura (eds), Kinokunize, Tokyo, (1985), 
1-26. 

[6] C. Gerhardt, Flow of nonconvex hypersufaces into spheres. Journal of Differential 

Geometry, 32 (1990) 299-314. 
[7] G. M. Gibbons, Collapsing shells and the isoperimetric inequality for black holes, 

Quantum Grav. 14 (1997), 2905-2915 
[8] P. Guan and G. Wang, A fully nonlinear conformal flow on locally conformally flat 

manifolds, Journal fur die reine und angewandte Mathematik, 557 (2003), 219-238. 
[9] P. Guan and G. Wang, Geometric inequalities on locally conformally flat manifolds, 

Duke Math. Journal, 124, (2004), 177-212. 
[10] G. Huisken, private commnication. 




(At(x)) for all X G M_|_. In view of (19) 



(20) implies M_|_ is closed. 



□ 
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